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Dynamic radiation force from ultrasound has found increasing applications in elasticity imaging methods
such as vibro-acoustography. Radiation force that has both static and dynamic components can be produced by
interfering two ultrasound beams of slightly different frequencies. This paper presents a method to measure
both static and dynamic components of the radiation force on a sphere suspended by thin threads in water. Due
to ultrasound radiation force, the sphere deflects to an equilibrant position and vibrates around it. The static
radiation force is estimated from the deflection of the sphere. The dynamic radiation force is estimated from the
calculated radiation impedance of the sphere and its vibration speed measured by a laser vibrometer. Experi-
mental results on spheres of different size, vibrated at various frequencies, confirm the theoretical prediction
that the dynamic and static radiation force on a sphere have approximately equal magnitudesfG. T. Silvaet al.,
Phys. Rev. E71, 056617s2005dg.
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I. INTRODUCTION

Acoustic radiation force is a phenomenon associated with
the nonlinear nature of acoustic wave propagation in a me-
dium. The force is caused by the transfer of momentum from
the wave to an object in the wave path. In an attenuating
medium, part of the wave momentum is transferred to the
medium, resulting in a force exerted on the medium along
the direction of the wave propagation. The magnitude of the
radiation force exerted on an object by a wave depends upon
both the medium’s mechanical characteristics and the object
scattering properties.

Commonly, the acoustic radiation force is defined as a
steady force, given that the intensity of the incident sound
field does not change over time. It has been shown that ra-
diation force can have both a static and a dynamicsoscilla-
toryd component, if the intensity of the incident field is
modulated versus time. This can be achieved either by the
interference of two sound beams with identical amplitude but
slightly different frequencies or, equivalently, by a
suppressed-carrier amplitude modulatedsSCAMd beamf1g.

Recently, the dynamic ultrasound radiation force has
found increasing applications in elasticity imaging tech-
niques. For example, vibro-acoustographyf2g uses dynamic
radiation force from focused ultrasound to vibrate an object
at audio frequencies and makes images related to the object’s
elasticity from its acoustic emissions. This technique has
been successfully used to image artery calcificationsf3g,
breast microcalcificationsf4,5g, calcium deposit on heart
valvesf2g, human calcaneus and hipf6g, and brachytherapy

metal seedsf7g. In addition, dynamic radiation force from
ultrasound was also used to generate shear waves in a me-
dium, from which its shear modulus and viscosity can be
estimatedf8g. Other applications of dynamic radiation force
include determining resonance frequencies of differently
shaped objectsf9g and evaluating an artery’s stiffnessf10g.

Despite the extensive use of dynamic radiation force, little
work has been done on it theoretically and experimentally.
Recently, the theory of dynamic radiation force on a solid
cylinder immersed in ideal fluid was reportedf11g. In an-
other paperf12g, the theory of dynamic radiation force on an
object of arbitrary shape was developed. In particular, special
attention has been paid to the dynamic radiation force on
spheres because traditionally spherical targets have been the
focus of theoreticalf13–15g and experimental studiesf16,17g
of static radiation force. However, no experimental study on
the dynamic radiation force has even been reported. In this
paper, we present a method to measure the radiation force on
a sphere suspended in water due to a SCAM ultrasound
beam. The static component of the radiation force is esti-
mated from the deflection of the sphere, whereas the dy-
namic component is derived from the sphere’s vibration
speed measured by optical vibrometry. Experimental results
on several spheres of different radii demonstrate that the
magnitude of the static and dynamic radiation force on the
sphere is about the same, which confirms one of the theoret-
ical predictions presented inf12g.

II. METHOD

Figure 1sad shows a sphere suspended with bifilar ar-
rangement in water. Figure 1sbd is another projection of the
sphere viewed from the right side of Fig. 1sad. An amplitude-*Email: chen.shigao@mayo.edu
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modulated ultrasound propagates from the right side of Fig.
1sbd to the sphere. The static radiation force deflects the
sphere to a new equilibrium position along the ultrasound
beam. The dynamic radiation force causes the sphere to vi-
brate around this new equilibrium position.

A. Measurement of static radiation force

The vibration amplitude of the sphere is very smallse.g.,
less than 1mm from the equilibrium positiond in typical ap-
plications presented in this paper. Therefore, one can neglect
the motion of the sphere when analyzing the balance of static
forces on it. As shown in Fig. 1sbd, the static radiation force
Fs is balanced by the gravitational force on the spheremg
and the tension of the thread. Neglecting the mass of the
thread, the displacementd of the sphere is related to the
static radiation force asf17g

Fs =
mgd

ÎL2 − d2
, s1d

whereL is the suspension length,g is the acceleration due to
gravity, andm is the mass of the sphere corrected for buoy-
ancy. The buoyancy on the sphere is equal to the weight of
water with identical volume as that of the sphere. Therefore,
Eq. s1d can be rewritten as

Fs =
4

3
pa3srs − rwdg

d
ÎL2 − d2

, s2d

where a is the radius of the sphere andrs and rw are the
densities of the sphere and water, respectively. Therefore, the
static radiation force on the sphere can be solved with Eq.
s2d, given that the deflectiond can be measured accurately.

B. Measurement of dynamic radiation force

For a rigid sphere oscillating at radial frequencyv within
a medium, the stress field around the sphere can be calcu-
lated. The net force on the sphere can be found by integrating
the stress at the surface of the sphere. The radiation imped-
ance of the sphere is defined as the net force divided by the
vibrating speed of the sphere, and represents the resistance
the sphere has to overcome when pushing its surrounding
medium back and forth. The radiation impedanceZr of an
oscillating sphere in water isf18g

Zr = i 4
3pa3rwvs2 + a2k2 − a3k3id/s4 + a4k4d, s3d

wherek is the wave number of the acoustic radiation. For
typical applications in this paper,a is at the order of milli-
meter, whilek is at the order of unity. Therefore,ka!1 and
Eq. s3d can be simplified to

Zr = i 2
3pa3rwv. s4d

For a sphere of massm and oscillating at velocityVeivt,
the force required to overcome the inertia of the sphere is

F = m
dsVeivtd

dt
= imvVeivt. s5d

We define the mechanical impedanceZm of the sphere as

Zm =
F

Veivt = imv = i
4

3
pa3rsv. s6d

The dynamic radiation force drives the sphere to vibrate,
while the impedances represent the resistance towards vibra-
tion. Dividing the driving force by the impedances yields the
vibrating speedV of the sphere

V =
Fd

Zr + Zm
, s7d

whereFd is the dynamic radiation force on the sphere. Sub-
stitution of Eqs.s4d and s6d into Eq. s7d yields

Fd = i 4
3pa3s0.5rw + rsdvV. s8d

This result is essentially identical to Eq. 8 given by Ref.f19g.
Equations8d can be used to solve for the dynamic radiation
force on the sphere, given that the vibration speedV of the
sphere can be measured accurately.

III. EXPERIMENTS

Three 440C stainless spheres of radius 0.638, 0.851, and
1.19 mm are used in the experiments shown in Fig. 2. Each
sphere is suspended with human hairsabout 0.07 mm in di-
ameterd in a bifilar arrangement. A 35 mm diameter flat pis-
ton transducer with an acoustic lens is used to insonify the
sphere with CWscontinuous waved amplitude-modulated ul-
trasound. The distance between the transducer and the sphere

FIG. 1. The suspension and force balance on a sphere in a sound
field.

FIG. 2. The diagram of experimental setup. Ultrasound radiation
force deflects and vibrates the sphere. The vibration is detected by
the laser vibrometer. The deflection is measured by the alignment
laser positioned on a micro-station.
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is about 10 cm and the center frequency of the insonation is
0.93 MHz. The ultrasound’s beam width is relatively large
such that its intensity does not change significantly across the
sphere’s surface.

The vibration of the sphere is detected by a laser vibro-
meter sPolytec GmbH, Waldbronn, Germanyd, which is
aligned with the beam axis of the ultrasound transducer.
There are a few details that require special attention in order
to make correct measurements for these experiments. First,
the Polytec laser is calibrated in air, while measurements on
spheres are made in water. The speed, and hence the wave-
length, of light in air are larger than that in water by a factor
of 1.33. Therefore, for the same amount of motion, the Dop-
pler frequency shift in water is 1.33 times larger than that in
air. Consequently, the measurement made in water should be
divided by 1.33 because the Polytec vibrometer measures
vibration from the Doppler frequency shift of the reflected
laser. Second, the “velocity range”swhich also controls the
highest detectable frequencyd and the “velocity filter”sa low-
pass filterd on the vibrometer should be set to as low as
possible, to avoid aliasing from the motions at ultrasound
frequency. In these experiments, they were set to
1 mm s−1 v−1 swith a highest detectable frequency of
10 kHzd and 5 kHzscutoff frequency for the low-pass filterd,
respectively. Oscillations due to dynamic radiation force had
frequencies less than 1 kHz, thus were detected by the laser
vibrometer. In contrast, the vibrations at ultrasound fre-
quency were cut off from the output.

The deflection of the sphere is measured with an align-
ment laser that is perpendicular to the ultrasound beam. The
laser is first focused on the sphere at its deflection position.
Then the ultrasound is turned off and the position of the laser
is moved laterally on a micro-platform to align with the
sphere at its rest position. The deflection of the sphere can
thus be measured with 10mm resolution.

IV. RESULTS

Each sphere is tested at three different vibration frequen-
cies: 100, 200, and 400 Hz. This is achieved by changing the
modulation frequency on the amplitude of a 0.93 kHz ultra-
sound. As an example, the detailed results on the smallest
sphere vibrated at 100 Hz are presented here. The parameters
of the sphere area=0.638 mm, rs=7670 kg m−3, rw
=1000 kg m−3, g=9.81 m s−2, L=61 mm,d=3.025 mm, and
v=2p3100 rad s−1, V=0.587 mm s−1 salready corrected by
the factor of 1.33 for waterd. Substitution of these parameters
into Eqs. s2d and s8d yields Fs=3.45310−6 N, and Fd
=3.27310−6 N. The percentage difference between the mea-
sured static and dynamic radiation force isuFd−Fsu /0.5sFd

+Fsd=5.3%. For a vibration frequency of 200 Hz, the mea-
surements on the same sphere yieldsFs=3.46310−6 N and
Fd=3.27310−6 N, with a 5.6% difference. At 400 Hz, the
results areFs=3.53310−6 N and Fd=3.34310−6 N, with a
5.3% difference.

The incident acoustic fields on the spheres were also mea-
sured to calculate the theoretical values of the dynamic and
static radiation force on the sphere and compared with the
experimental results. The transducer in Fig. 2 was operating

at amplitude-modulatedsAM d mode with suppressed carrier.
The center frequency of the carrier was 0.93 MHz. This AM
beam is equivalent to two ultrasound beams with identical
amplitude, but with slightly different frequency, denoted bya
and b. The radiation force on the sphere can be calculated
with Eq. s42d of Ref. f12g. It is repeated here as Eq.s9d for
the reader’s convenience:

Fs = pa2sEaYa + EbYbd, s9ad

Fd = pa2EDvYDv, s9bd

where Ea=0.5rwskaA
2d, Eb=0.5rwskbA

2d, EDv=rwkakbA
2,

andYa, Yb, andYDv are the static radiation force function at
ultrasound frequenciesa, b, and the dynamic radiation force
function at acoustic frequencyDv, respectively. In these for-
mulas,ka and kb are wave numbers corresponding to ultra-
sound frequenciesa andb, andA represents the amplitude of
the velocity potential. For a monochromatic plane wave, the
amplitude of velocity potentialA can be determined from the
acoustic pressure amplitudep by A=p/rkc, wherer, k, and
c are the density, wave number, and sound speed of water,
respectively. The incident acoustic pressure from the trans-
ducer was measured with a calibrated membrane hydrophone
to bepa=pb=83.74 kPa. In these experiments, the difference
frequencies are very small compared to the center frequency
of the ultrasound. Therefore,Ya, Yb, andYDv should be al-
most identical and independent of the difference frequency.
For the 0.638 mm radius sphere, the theory hasYa<Yb
<YDv<0.862. From Eq.s9d, the theoretical values for the
static and dynamic radiation force on this sphere areFs
<Fd<3.51310−6 N. This theoretical value is very close to
the measurement results reported above.

The incident acoustic pressure measured by the mem-
brane hydrophone is not necessary equal to the actual acous-
tic pressure the sphere experiences. This can be due to two
reasons. First, the incident acoustic wave is not a uniform
plane wave, but rather has a nonuniform beam patternsal-
though this pattern is relatively flatd. Thus the pressure on the
sphere depends on its transverse position within the beam
pattern. Second, there may be a standing wave between the
transducer and the sphere, which will make the actual pres-
sure on the sphere sensitive to its axial positionf20g. For
these two reasons, the incident pressures on each measure-
ment may be different due to their different positioning
within the beam pattern. Since the radiation force is related
to the square of the incident pressure, the pressure inconsis-
tency is amplified in radiation force. We found that the mea-
sured static and dynamic radiation force varied more for re-
peated measurements on larger spheres. This may be due to
stronger standing wave effect for larger spheres. However,
the measured magnitude of the static and dynamic radiation
force for the larger spheres remained very close to each other
in all measurements. This observation supports our hypoth-
esis that the variations in radiation force measurements are
mainly due to the variance of the actual incident pressure.
Therefore, results for other spheres are reported as the per-
centage differences betweenFs andFd as shown in Table I.
Calculating the percentage difference cancels variation due
to incident pressure. The data in Table I confirm a theoretical
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result in Ref.f12g stating that the dynamic and static radia-
tion force on the sphere have equal magnitudes.

V. DISCUSSION

This study demonstrates the feasibility of using the de-
flection and vibration speed of a suspended sphere to mea-
sure the static and dynamic radiation force on the sphere.
There are a number of limitations on this research. First of
all, the influence of the thin thread and adhesivesused to
attach the thread to the sphered is not considered. Their
weight can affect the static radiation force measurement,
while the thread can change the radiation impedance of the
sphere. These influences may be negligible for large spheres,
but can be significant for small spheres. This may explain
why the percentage differences in Table I are larger for
smaller spheres. Second, acoustic streaming is neglected in
this study. The pressure of the incident ultrasound used in the
experiments is about 63104 Pa. Using the method of Ny-
borg f21g, the acoustic streaming is estimated to be less than
1 mm s−1 in water. The drag on the sphere by the streaming
can be calculated by Stoke’s formulaf22g. It is at the order of
10−8 N, which is about 1% of the radiation force measured
on the sphere. Therefore, the effect of acoustic streaming on

the radiation force measurements can be safely neglected.
The measurement of dynamic radiation force can be ex-

tended to a sphere embedded in viscoelastic medium. The
radiation impedance formula for a sphere in viscoelastic me-
dium derived by Oestreicherf18g should be used to replace
Eq. s3d. Two new unknown parameterssshear elasticity and
viscosity of the mediumd needed in the new radiation imped-
ance formula can be estimated from the resonance of the
sphere f19g. The method described here can be readily
adapted to geometries other than a sphere, such as a rectan-
gular or circular disk.

VI. CONCLUSIONS

This paper presents a method to measure both static and
dynamic radiation force on a sphere suspended by thin
threads in water. Radiation force that has a dynamic compo-
nent can be produced by interfering two ultrasounds of
slightly different frequency, or by a single ultrasound beam
whose amplitude is modulated at a low frequency. The
sphere deflects to an equilibrant position and vibrates around
it. The static radiation force is estimated from the deflection
of the sphere. The dynamic radiation force is estimated by
measuring the vibration velocity of the sphere. Experiments
on spheres of different size, vibrated at various frequencies,
show that the magnitudes of static and dynamic radiation
forces on each sphere are very similar, with less than 6%
difference. This is in accordance with a theory which states
that the static and dynamic radiation force on a sphere should
have identical magnitude for suppressed carrier AM ultra-
sound.
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TABLE I. The percentage difference between dynamic and
static radiation force measured at 100, 200, and 400 Hz for spheres
of different radius.

a=0.638 mm a=0.851 mm a=1.19 mm

100 Hz 5.3% 1.46% 0.98%

200 Hz 5.6% 2.1% 1.46%

400 Hz 5.3% 2.5% 1.61%
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